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Abstract
We study the relation between the 2-local Ramsey number R2-loc(G) and the 2-mean Ramsey number R2-mean(G) for graphs.
We give the exact value of the 2-mean Ramsey number for some inﬁnite families of graphs.
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1. Introduction
Let F,G,H be simple graphs with at least two vertices and without isolated vertices. The Ramsey numberR(G,H)
is the smallest integer n such that in arbitrary two-colouring (say red and blue) of Kn a red copy of G or a blue copy of
H is contained (as subgraphs). If GH we write R(G) instead of R(G,G).
Let f be a colouring of the edges of a graph G. For each vertex v ∈ V (G), deﬁne f (v) as the number of distinct
colours that appear on the set of edges incident to v.
A local k-colouring of a graph F is a colouring f of the edges of F in such a way that the edges incident to each vertex
v of F are coloured with at most k different colours, i.e., f (v)k.
The k-local Ramsey number Rk-loc(G) of a graph G is deﬁned as the smallest integer n such that Kn contains a
monochromatic subgraph G for every local k-colouring of Kn.
A colouring f of G is a mean -colouring for a positive real  if
(1/n)
∑
v∈V (G)
f (v), where n = |V (G)|.
The -mean Ramsey number R-mean(G) of a graph G is deﬁned as the smallest integer n such that Kn contains a
monochromatic subgraph G for every mean -colouring of Kn.
Some of the results for local and mean colourings as well as proofs of the existence of these Ramsey numbers can
be found in [2,3,1,4,5,7,6,8,11,10,9].
In Section 2, we study the relation between the 2-local Ramsey number R2-loc(G) and the 2-mean Ramsey number
R2-mean(G). In Section 3 we give the exact value of 2-mean Ramsey numbers for some inﬁnite families of graphs.
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2. General relations
By deﬁnition R2-loc(G)R2-mean(G) for every graph G. Caro and Tuza [5] proved the following general theorem
on the relation between 2-mean and 2-local Ramsey numbers of graphs.
Theorem 1 (Caro and Tuza [5]). For every graph G, R2-mean(G)R2-loc(G) + |V (G)| − 2.
We present relations between these two numbers involving independence number and minimum vertex degree of the
graph G. The following notations and deﬁnitions we use through the paper.
Let f be a mean 2-colouring of Kn, where n is a positive integer. We say that a triple of sets (X, Y, Z) is associated
with the colouring f if X = {v ∈ V (Kn) : f (v) = 1}, Y = {v ∈ V (Kn) : f (v)3} and Z = V (Kn) − (X ∪ Y ).
Note that |X| |Y |. Evidently, if f is not local 2-colouring, then X = ] and Y = ]. Without loss of generality we
assume that the edges incident to a vertex from the set X are coloured with 1 under the colouring f.
The edges of the subgraph induced by the set Z are locally 2-coloured by f. Similarly, the edges of the subgraph
induced by the set X ∪ Z are locally 2-coloured.
Let f ∗ be a local 2-colouring of Kn, obtained from the mean 2-colouring f by recolouring the edges between the
sets Z and X ∪ Y to colour 1, and the edges in the subgraph induced by the set Y and the edges between the sets X and
Y to a new colour, say c, where c is not present in the colouring f.
First we prove the following theorem.
Theorem 2. Let G be a graph and n be a positive integer. Let f be a mean 2-colouring of Kn without a monochro-
matic G and let (X, Y, Z) be the triple of sets associated with f. Then |V (G)|> |X| |Y | and |X ∪ Z|<R2-loc(G).
Moreover, the local 2-colouring f ∗ of Kn either does not contain any monochromatic G or contains G in colour 1 and
|Y | |X|2(|V (G)| − (G)) − 3, and V (G) ∩ S = ], where S = X, Y,Z.
Proof. Let (X, Y, Z) be the triple of sets associated with the mean 2-colouring f . Note that |V (G)|> |X| |Y | and
|X∪Z|<R2-loc(G), else the subgraph induced by X orX∪Z contains a monochromatic G under the mean 2-colouring
f and this contradicts the deﬁnition of f .
Suppose that there exists a monochromatic G in Kn under the colouring f ∗. Evidently, G of colour j,wherej > 1,
is not contained in the subgraph induced by the set Z. If G is in the colour c under the colouring f ∗, then there exists
G in colour 1 under the mean 2-colouring f of the subgraph induced by X ∪ Y , and we get a contradiction.
Thus, G is in colour 1 under the colouring f ∗ of Kn.
Moreover, V (G)∩X = ] and V (G)∩ Y = ], else we get G in colour 1 under the colouring f and it is impossible.
Similarly, V (G) ∩ Z = ].
Then we get degG(v)< |V (G)| − |V (G) ∩ X|, for each vertex v ∈ Y ∩ V (G).
Similarly, degG(v)< |V (G)| − |V (G) ∩ Y |, for each vertex v ∈ X ∩ V (G).
Therefore, |V (G)∩X|< |V (G)| − (G) and |V (G)∩ Y |< |V (G)| − (G), where (G) is minimum vertex degree
of G.
Thus, |Y | |X|2(|V (G)| − (G)) − 3, else we get G in colour 1 under the colouring f.
The proof is done. 
The property of f ∗ presented in Theorem 2 is useful for studying relations between 2-mean and 2-local Ramsey
numbers of graphs.
Now we can prove the following theorem.
Theorem 3. Let G be a graph of order m with minimum vertex degree (G)1 and independence number (G). Then
R2-mean(G) max{R2-loc(G) + m − (G) − 2, 2m − 3} + 1
and
R2-mean(G) max{R2-loc(G), R2-loc(G) + 2(m − (G)) − 3}.
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Proof. Let n = R2-mean(G) − 1. Let f be a mean 2-colouring of Kn without a monochromatic G. If f (v)2 for
each vertex v ∈ V (Kn), then f is a local 2-colouring and the proof is done (since R2-loc(G)>n give us R2-loc(G) =
R2-mean(G)). If R2-loc(G) = R2-mean(G) the proof is done.
Suppose that R2-loc(G)<R2-mean(G). Let (X, Y, Z) be the triple of sets associated with the mean 2-colouring f .
Note that X = ] and Y = ].
By Theorem 2, we get |V (G)|> |X| |Y |1, |X ∪ Z|<R2-loc(G), G is in colour 1 under the local 2-colouring
f ∗ of Kn, V (G) ∩ X = ], V (G) ∩ Y = ] and V (G) ∩ Z = ]. Now we compare independence number of G with
cardinality of Z. If |Z|(G) then |X|< |V (G)| − (G), else we get a monochromatic G under the colouring f of the
subgraph induced by the set Z ∪X, a contradiction. Thus, nR2-loc(G)− 1+|V (G)|− (G)− 1. If |Z|< (G), then
1 |X|< |V (G)| − |Z| and n = |Z ∪ X| + |Z ∪ Y | − |Z|2(|V (G)| − 1) − |Z|. So we get the ﬁrst inequality of our
theorem.
By the last inequality of Theorem 2 and n = R2-mean(G) − 1, we get the second inequality of our theorem. 
Immediately by the ﬁrst inequality of Theorem 3, we get the equality of 2-mean and 2-local Ramsey numbers for
stars. Moreover, we get simple upper bounds for some other cases of inﬁnite families of graphs.
Corollary 4. R2-mean(K1,n) = R2-loc(K1,n).
Corollary 5. Let Cn,j,t be a disjoint union of cycles of order n consisting of j odd cycles and t even cycles.
R2-mean(Cn,j,t ) max
{
R2-loc(Cn,j,t ) + n + j2 − 2, 2n − 3
}
+ 1.
Corollary 6. Let G be a bipartite graph of order n. Then
R2-mean(G) max
{
R2-loc(G) +
⌊n
2
⌋
− 2, 2n − 3
}
+ 1.
In particular, the inequality holds for forests of order n.1
By the second inequality of Theorem 3, we get the following results for dense graphs.
Corollary 7. If G is a graph of order m with minimum vertex degree (G) = m − 2 then
R2-mean(G)R2-loc(G) + 1.
Corollary 8. If G is a graph of order m with minimum vertex degree (G) = m − 3 then
R2-mean(G)R2-loc(G) + 3.
Caro and Tuza [5] published the following theorem for complete graphs.
Theorem 9 (Caro and Tuza [5]). Let m3. Then R(Km) = R2-loc(Km) = R2-mean(Km).
The result presented in Theorem 9 is a special case of Theorem 3 (see the second inequality) and the special case
of a result of Schelp [9] as well.2 It is not known how tight the bounds presented in Theorem 3 are in general. This
problem is interesting one, and it can be a subject for further study. In the next section we will consider this problem
for some special classes of graphs.
1 The 2-local Ramsey number for a linear forest of order n with j odd components is equal to (3n − j)/2 + j/2 − 1 (see [3]).
2 Schelp [9] proved that if m3 and k2, then Rk-loc(Km) = Rk-mean(Km).
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3. Special classes of graphs
If we knew the structure of a graph, we could improve the upper bounds presented in Theorem 3. This is possible
for some graphs without triangles in their complement (see Theorem 10) and for some other families of graphs (see
Theorems 12 and 13).
Theorem 10. Let G be a graph of order m with minimum vertex degree (G) and independence number (G). Let
(G)3m/4 − 1 and (G)2. Then
R2-mean(G)R2-loc(G) + 1.
Proof. Suppose that R2-loc(G)<R2-mean(G). Let n = R2-mean(G) − 1. Let f be a mean 2-colouring of Kn without a
monochromatic G.
Let (X, Y, Z) be the triple of sets associated with the mean 2-colouring f .
By Theorem 2, the local 2-colouring f ∗ contains a subgraph G in colour 1 and |Y | |X|2(|V (G)| − (G)) − 3.
Thus, we have |X∪Y |< 4(|V (G)|−(G)−1)m.We change f ∗ by recolouring the edges of the subgraph induced
by the set X ∪ Y to a new colour c (which is not present in the colouring f). Note that this new colouring f ∗∗ is a local
2-colouring of Kn, as well. Since there exists a monochromatic G under the colouring f ∗∗ of Kn, it must have colour
1 and |V (G) ∩ X| = 1 = |V (G) ∩ Y |, else we get a triangle in G. Therefore, |X| = 1 = |Y |, else we get G in colour 1
under the colouring f but it is impossible. Thus, by Theorem 2, nR2-loc(G). Since n = R2-mean(G) − 1, we get the
upper bound. 
In particular by Theorem 10, we get the following results.
Corollary 11. Let m,p be integers and mp and let F be a forest of order p (p2) and (F )	m/4
. Then
R2-mean(Km − F)R2-loc(Km − F) + 1.
Proof. Evidently, (Km − F) = 2. Since (Km − F) = m − 1 − (F )m − 1 − 	m/4
 = 3m/4 − 1, we get the
result by Theorem 10. 
Now we present the exact value of the 2-mean Ramsey number for two disjoint stars.
Theorem 12. Let ab1 be integers. Then
R2-mean(K1,a ∪ K1,b) = R2-loc(K1,a ∪ K1,b) = 2a + b + 2.
Proof. Let ab1 and let n = 2a + b + 2. It is known that R2-loc(K1,a ∪ K1,b) = 2a + b + 2 (see [1]). So
R2-mean(K1,a ∪ K1,b)n. Let G = K1,a ∪ K1,b.
Let f be a mean 2-colouring of Kn without a monochromatic G.
Let (X, Y, Z) be the triple of sets associated with the mean 2-colouring f . Note that Y = ]. By Theorem 2, we get
|X| |Y |1.
If |X|2, then we get G in colour 1 with the central vertices of these two stars in the set X, but it is a contradiction
to the deﬁnition of f. Hence, |X| = 1 = |Y | and |Z| = 2a + b. If there exists a vertex v ∈ Z such that v is the centre
of a star K1,b in colour 1 in the subgraph induced by Z, then there is G in colour 1, and we get a contradiction to the
deﬁnition of f. Therefore, each vertex of Z has at least 2a incident edges in colours different from 1. Let Cv be the set
of these colours for v ∈ Z. Since the subgraph induced by the set Z has order 2a + b and it is locally 2−coloured, then
|Cv| = 1 and Cv = Cu for each v, u ∈ Z, where v = u. Hence, f (v)2 for v ∈ Y , and we get a contradiction. So
the proof is done. 
In the following theorem we present a new inﬁnite family of graphs with the equality between 2-local and 2-mean
Ramsey numbers.
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Theorem 13. Let t1 be an integer. Then
R2-mean(K2 + Kt) = R2-loc(K2 + Kt) = R(K2 + Kt).
Proof. The proof forR2-loc(K2+Kt)=R(K2+Kt) is presented in [1]. Nowwe prove the ﬁrst equality. LetG=K2+Kt
and let p = 3t − 2. Let A1 ∪ A2 ∪ A3 be a partition of V (Kp−1), such that |Ai | = t − 1, i = 1, 2, 3. Let us colour
all edges of the subgraph induced by the set Ai, (i = 1, 2, 3), with colour i, and all other edges with colour 4. Note
that this local 2-colouring does not contain a monochromatic G. Let n = R2-loc(K2 + Kt). Evidently, np. Let f be
a mean 2-colouring of Kn without a monochromatic G. Let (X, Y, Z) be the triple of sets associated with the mean
2-colouring f. We assume that |X| = 1 = |Y |, else we get two vertices of K2 from the set X to create G in colour 1.
Then |Z|p − 2 = 3t − 4. If there exists a vertex v ∈ Z such that v is the centre of a star K1,t in colour 1 in the
subgraph induced by Z, then there is G in colour 1, and we get a contradiction to the deﬁnition of f. Therefore, each
vertex of Z has at least |Z| − 1 − (t − 1) incident edges in colours different from 1 (and at most t − 1 incident edges
in colour 1). Let Cv be the set of these colours for v ∈ Z. By the deﬁnition of Z, the subgraph induced by the set Z is
locally 2-coloured so we get |Cv| = 1 and Cv = Cu for each v, u ∈ Z, where v = u.
Hence, f (y)2 for y ∈ Y , and we get a contradiction. So the proof is done. 
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